arXiv:math/9808062vl [math.DG] 14 Aug 1998 


The Yamabe invariant of simply connected 

manifolds 


Jimmy Petean 

Max-Planck Institut fur Mathematik, 
Bonn, Germany 


Abstract 

Let M be any simply connected smooth compact manifold of di¬ 
mension n > 5. We prove that the Yamabe invariant of M is non¬ 
negative. This is equivalent to say that the infimum, over the space of 
all Riemannian metrics on M, of the L n / 2 norm of the scalar curvature 
is zero. 


1 Introduction 

A classical problem in differential geometry is the determination of the family 
of functions that can be obtained as the scalar curvature of a Riemannian 
metric in some fixed smooth manifold M. As one might expect, the features 
of the problem in low dimensions are very different from the high-dimensional 
case. The classical Uniformization Theorem assures that any Riemannian 
metric on a 2-dimensional manifold is conformal to a metric of constant 
scalar curvature (in dimension two, this is the same as constant sectional 
curvature). For a compact surface, the Gauss-Bonnet formula then shows 
that the sign of such a constant is determined by the topology of the surface. 
Moreover, if we restrict to metrics of unit volume, then the value of the 
constant is completely determined by the topology (it is 47ry, where x is the 
Euler characteristic of the surface). 

In higher dimensions, we can still deform any metric to a metric of con¬ 
stant scalar curvature. Namely, given any Riemannian metric g on a compact 
smooth manifold M, there is a metric conformal to g which has constant 
scalar curvature. This is the well-known Yamabe problem. Yamabe first 
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stated this result in |25[], but his proof was not correct, as pointed out by 
The argument was completed in several steps by Trudinger 

EDI 


Trudinger in 
p3|| , Aubin 


and Schoen 


Note that in dimensions greater than two 


the obstruction to the existence of metrics with a determined sign is much 
weaker. For instance, every compact manifold of dimension at least three 
admits a metric of constant negative scalar curvature. There are well-known 
obstructions, though, to the existence of metrics of positive or vanishing 
scalar curvature. 

If a function is expressed as the scalar curvature of a metric on a manifold 
M, any positive multiple of the function can be obtained by rescaling the 
metric. In order to avoid these “trivial” variations, and therefore to get a 
meaningful measure of the possible “size” of the scalar curvature function, it 
is reasonable to restrict to metrics of unit volume. This was first considered 
by O. Kobayashi in ||, where he introduced what we will call the Yamabe 
invariant of a compact smooth manifold M. First consider a fixed conformal 
class of metrics C on M, and let the Yamabe constant of (M, C ) be 


Y (M, C) = inf 


J Sg dVOlg 


M 


g£C ( Vol g (M )) 2 / n ' 

The solution to the Yamabe problem is precisely achieved by showing 
that this inhmum is always attained by a smooth metric, which necessarily 
has constant scalar curvature. The Yamabe invariant is then defined by 


Y(M ) = sup Y(M,C), 
c 

where the supremum is taken over all conformal classes of metrics on M. 
Note that this invariant is also frequently called the sigma constant of M 

gj. 

Note that the invariant is readily computable in dimension two from the 
Gauss-Bonnet formula. In dimension three, the computation of the invari¬ 
ant (of manifolds for which the invariant is non-positive) would follow from 
Anderson’s program for the hyperbolization conjecture [l|]. Computations 
of the invariant in dimension four have been carried out by LeBrun in [[□] 


he computed the invariants of all compact complex surfaces of Kahler type 
which do not admit metrics of positive scalar curvature. See also [12], [T7| 
for other computations of the invariant in dimension four. 
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We will be concerned in this paper with simply connected manifolds of 
dimension greater than four. The study of manifolds which admit metrics of 
positive scalar curvature has proved to be very interesting and deep. See for 
instance the work by Gromov and Lawson [f|], Schoen and Yau JT9[| and Stolz 


[2^| . In this last paper, it is completely determined which simply connected 


compact manifolds of dimension greater than four admit metrics of positive 
scalar curvature. Recall that the Yarnabe invariant of M is positive if and 
only if M admits a metric of positive scalar curvature (see for instance |[21|| ). 
We will prove: 

Theorem 1 : Every simply connected smooth compact manifold of dimen¬ 
sion greater than four has non-negative Yarnabe invariant. 

Note that for a manifold M which does not admit positive scalar curvature 
metrics, the Yarnabe invariant can also be computed by the formula 


Y(M ) = 



2/n 


1 2 dvol„ 


where A4 is the space of all Riemannian metrics on M (see for instance |TT 


It is also well-known that if a compact manifold (of dimension at least 
three) admits a metric of positive scalar curvature then it also admits a 
scalar-flat metric. We can therefore rephrase the previous theorem as: 


Corollary 1 : For every simply connected smooth compact manifold M of 
dimension greater than four, 

inf / I Sq\ n ^ 2 dvol„ = 0. 

MJ 

M 

It follows from these results that dimension four is quite exceptional in 
terms of the Yarnabe invariant. Note that Theorem 1 is obviously true in 
dimension two and clearly expected to be true in the 3-dimensional case 
(either from the Poincare Conjecture or from Anderson’s program for the 
Hyperbolization Conjecture []]]). But it is definitely not true in dimension 
four (see the work of LeBrun in m 0 ); moreover, it seems likely to be 
the case, from LeBrun’s computations, that the generic simply connected 
compact four-manifold has strictly negative Yarnabe invariant. 
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2 The Spin Cobordism Ring 

The aim of this section is the proof of Theorem 2 below. We will need to 
recall some basic facts about the spin cobordism ring. Details can be found 
in Big. Of course, we will need to consider in this section manifolds with 
boundary. And hence, in this section, we will call a manifold X closed if it 
is compact and without boundary (in the other sections we always assume 
that the manifolds have no boundary). 

For a spin manifold we will mean a smooth oriented manifold with a 
fixed spin structure on its tangent bundle. Let A" be a spin manifold with 
boundary. The spin structure on X induces a canonical spin structure on 
the boundary of X (see [|lj]), and two closed spin manifolds X 1 and X 2 of 
dimension n are called spin cobordant if there is a compact spin manifold X 
(of dimension n + 1) so that dX is, as a spin manifold, the disjoint union 
of X\ and — X 2 (the minus meaning that the orientation is reversed). The 
set of equivalence classes of n-dimensional closed spin manifolds under this 
relation is called the n-dimensional spin cobordism group , ft is an 

Abelian group, with the sum given by the disjoint union or equivalently by 
the connected sum (if X and Y are connected spin manifolds, then XjfY 
inherits a spin structure so that X is spin cobordant to the disjoint union 
of X and Y). 

Throughout this section we will denote by [A"] the class of the closed spin 
manifold X in the spin cobordism group. 

The product of manifolds gives a ring structure to Qf pm . This is called the 
spin cobordism ring. Its structure has been determined by D.W. Anderson, 
E.H. Brown and F.P. Peterson in [§. It is proved there that two closed 
spin manifolds of dimenion n are spin cobordant if and only if they have the 
same Stiefel-Whitney and KO characteristic numbers. A particular example 
of these characteristic numbers, which will play an important role in this 
article, is the a-homomorphism, 

a : Q s / in -> KO*(pt), 

first introduced by Atiyah and Milnor (see |L4|). It is important for us that 
a is a ring homomorphism; i.e. for any connected closed spin manifolds X 
and Y, a[X #F] = a[X] + a[Y} and a[A x Y] = a[A].a[F], 

Now recall that KO n (pt ) vanishes for n=3,5,6 and 7, while KO\(pt ) and 


4 


KO-iipt) are isomorphic to Z 2 , and KO^pt ) and KO$(pt ) are isomorphic 
to Z. Recall also that multiplication by a generator of KOs(pt ) gives an 
isomorphism between KO n (pt) and KO n+ $(pt). Moreover, a is an extension 
of the A-genus in the sense that after picking suitable generators of K0 8 k 
and KOsk+ 4 , ol is exactly the A-genus in dimensions 8k and one half of the 
A-genus in dimensions 8k+4. 

The homomorphism a plays a central role in the study of the scalar 
curvature of compact spin manifolds. Hitchin proved in || (generalizing the 
now classical work of Lichnerowicz [[H|) that if the compact spin manifold 
X admits a metric of positive scalar curvature, then a[X] = 0. The converse 
of this result is also true for simply connected manifolds. It was conjectured 
by Gromov and Lawson in J3J, and proved in different cases by Gromov and 
Lawson [J|], Miyazaki |E|, Rosenberg |18| and finally (in general) by Stolz 
i mj . More precisely, Stolz proved that any coborclism class in the kernel of 
the homomorphism a can be represented by a connected spin manifold which 
admits metrics of positive scalar curvature (the result then follows from the 
arguments in |4|]). Similarly, to prove Theorem 1, we will need to show that 
every element in the spin coborclism groups can be represented by a manifold 
with non-negative Yarnabe invariant. We will prove this statement for every 
dimension in Theorem 2, although we will only need the result for dimensions 
greater than four. We will prove Theorem 2 now and then use it to prove 
Theorem 1 in the following section. 

We will need to use the following obvious fact: 


Lemma 1 : Suppose that M and N are closed smooth manifolds and that 
the Yarnabe invariant of M is non-negative. Then the Yarnabe invariant of 
M x N is non-negative. 


Proof: Given any e > 0 we will show that there is a metric on M x N 
of unit volume and constant scalar curvature bounded below by —e. This 
implies the lemma. 

Every compact smooth manifold admits a metric of constant scalar cur¬ 
vature. After rescaling, we can then pick a metric g on N of volume V whose 
scalar curvature is a constant greater than —e/2. The fact that the Yam- 
abe invariant of M is non-negative assures that there is a metric h on M 
of volume 1/V and whose scalar curvature is a constant greater than —e/2. 
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The product metric g + h on N x M has unit volume and scalar curvature 
bounded below by —e as required. 

□ 

We can now prove: 

Theorem 2 ; Every element in the spin cobordism group fl^ pin can be rep¬ 
resented by a connected spin manifold with non-negative Yamabe invariant. 

Proof: The statement is trivial in the case n — 1. When n — 2, we 
have that is isomorphic to Z2, and its two elements are represented 

respectively by a torus (the product of two copies of the spin structure on 
S 1 that is not a spin boundary), whose Yamabe invariant is zero, and by the 
2-sphere with its canonical spin structure (the Yamabe invariant of the 2- 
sphere is 87 t). When n=3,5,6 or 7, the spin cobordism group is trivial, 
and its only element can be represented by the sphere of the corresponding 
dimension (which of course has positive Yamabe invariant). For n = 4, the 
spin cobordism group is isomorphic to Z generated by the class of a K 3 
surface. Note that the Yamabe invariant of the K 3 surface is zero, since it 
admits a scalar flat metric (the Ricci-flat metrics constructed by Yau j26j) 
but no metric of positive scalar curvature (since its /1-genus does not vanish). 
The same is true for the connected sum of any (positive) number of copies 
of the K 3 surface. The zero element in the group can be represented by the 
4-sphere. 

Now recall that D.D. Joyce constructed examples of 8-dimensional com¬ 
pact Riemannian manifolds with holonomy Spin(7) (see jTj). These manifolds 
are then necessarily simply connected, spin, Ricci-flat and have H-genus 1 
(actually D.D. Joyce shows explicitly that his examples have /1-genus 1, and 
use this to prove that they have holonomy Spin(7) and not a proper subgroup 
of it). Call J 8 one of these examples. Then a[J 8 ] is a generator of K0 8 (pt). 
Hence, multiplication by a[J 8 ] gives an isomorphism between KO n (pt ) and 
KO n+ s(pt). Note also that the Yamabe invariant of J 8 is zero (it can not be 
positive since the H-genus is non-zero). 

Now consider any class [A"] E with n > 8. Let P be a closed spin 

manifold of dimension n — 8 so that a[P] is a generator of KO n _ 8 {pt) (a 
is an epimorphism in every dimension), and let Q = P x J§. Note that it 
follows from Lemma 1 that Y(Q ) > 0. Note also that ot\Q\ is a generator of 
KO n (pt). There exists then an integer k so that a[X] = ka[Q\. This means 
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that [A"] — k[Q\ is in the kernel of a and therefore, from Stolz’s Theorem (see 
imi ), it can be represented by a closed connected spin manifold S of strictly 
positive Yamabe invariant. Finally, [A"] can be represented by the manifold 
X obtained as the connected sum of S and k copies of Q. But the condition 
that the Yamabe invariant is non-negative is closed under connected sum 
(see 0), and hence Y( X) > 0. This completes the proof of Theorem 2. 

□ 


3 Proof of Theorem 1 and final remarks 


We will now prove Theorem 1. We will use the following result of Gromov 
and Lawson [||, proof of Theorem B]: 

Theorem 3 : Let N be a compact simply connected spin n-dimensional 
manifold. Suppose that n>5 and that the manifold X is spin cobordant to 
N. Then N is obtained from X by doing surgery (on X) on spheres of 
codimension greater than two. 


Let M be a compact simply connected manifold of dimension at least 
five. It was proved by Gromov and Lawson in (4|, that if M is not spin then 
it admits a metric of positive scalar curvature. This means that the Yamabe 
invariant of M is strictly positive. We can therefore assume that M is spin. 

We have proved in Theorem 2 that M is spin cobordant to a spin manifold 
X with non-negative Yamabe invariant. It follows from Theorem 3 that M 
is obtained from X by doing surgery on spheres of codimension greater than 
two. Finally, it is proved in [16] that if N is obtained from the compact 
smooth manifold N by doing surgery on spheres of codimension greater than 
two then Y(N ) > Y(N). Applying this result to our situation, we see that 
Y(M) > Y(X) > 0, and we have therefore finished the proof of Theorem 1. 

□ 


Remark It is clear from Theorem 1 that for any simply connected compact 
manifold X of dimension greater than four so that a[X] ^ 0 the Yamabe 
invariant of X is zero. 


Remark. One of the main motivations for the study of the Yamabe invariant 
is the minimax method to construct Einstein metrics ||2Tf|. Assume for sim¬ 


plicity that Y(X) < 0. Then the Yamabe invariant of A" is the supremum of 
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the scalar curvature over the family of metrics on X of constant scalar cur¬ 
vature and unit volume. Moreover, if the supremum is achieved by a metric 
g (as before), then g is Einstein. Unfortunately, it is not always the case that 
the supremum is achieved. One can deduce for instance many examples from 
Theorem 1. Namely, if a simply connected manifold X (compact of dimen¬ 
sion greater than four) has non-vanishing a-genus, then Y(X) = 0. Hence 
the minimax procedure would provide a Ricci-flat metric. But, as it is well- 
known since the work of Lichnerowicz, when the scalar curvature vanishes 
the Weitzenbbck formula for the Dirac operator shows that every harmonic 
spinor is parallel. And the existence of non-trivial parallel spinors is a very 
restrictive condition (we know that in our examples there are non-trivial 
harmonic spinors since the a-genus is not zero). It implies that our simply 
connected manifold must be the product of certain 8-dimensional manifolds 
and a Ricci-flat Kahler manifold (see [6;. Theorem 1.2 and footnote p.54]). 
This, of course, implies that for most of the examples we consider the mini¬ 
max method to construct an Einstein metric does not work. In particular, it 
does not work for any of the exotic spheres S such that a[S] ^ 0 (see || p~^|). 
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